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A linear chain of T — e molecules exhibiting the coopera­
tive Jahn-Teller effect is considered. Following Nauenberg's1 
treatment of the one-dimensional Ising model a renormaliza­
tion group approach is used. The series-expansion of the free 
energy is put into a closed form.

We consider a one-dimensional chain of identical 
unit cells of cubic symmetry, each of which repre­
sents a T — e Jahn-Teller center. This means that in 
each unit cell a triply degenerate electronic state 
interacts with a doubly degenerate vibrational mode. 
By an exponential transformation the local electron- 
phonon coupling is transcribed into a nonlocal elec­
tron-electron interaction 2' 3. If we restrict ourselves 
to a coupling between nearest neighbours the re­
sulting Hamiltonian reads

and
g(K) = IK ' + IK  + 1 In (2 + e~3K) . (5)

Just as for the one dimensional Ising model the 
fixed points of Eq. (4) are K* = 0 and K* = oo 
with the eigenvalues X = 0 and X = 1 respectively. 
This means that there exists no phase transition for 
our system.

Applying the renormalization transformation n 
times, the mapping from the initial coupling con­
stant K'0> = K to the final value KO is given by

_ 1 e x p { 3 ^ - 1) } + 2 e x p { - 3 ^ - 1)} 
" 3  2 -fexp { — 3

(6)
In order to solve this recurrence relation we per­
form a transformation to a new variable. In accor­
dance to Ref.1we require

s
Inserting the formal ansatz

C = (a0 + a1e3Ä)/(6 0 + 61e3Ä)

(7)

(8)
into Eq. (7) and comparing with Eq. (4) the trans­
formation is found to be

h =  -  J r nr n+i) (i)
<r= (eiK — 1) / {eSK + 2) (9)

where r and jT are diagonal electronic operators 
with the eigenvalues —1, 0, 1 and 1, 1, —2 re­
spectively. J is the coupling constant. The 3 x 3  
transfer matrix of this system takes the form

with

Then the solution of the recurrence formula (6) 
takes the form

g O .  -L In 1 + 2
3 1 — t 2" (10)

1\e2K e -K e 'K) in the thermodynamic

H I6'"
erK I (2) expansion

1[e -K e~K e'2K J f{K) =

K = l J ( k BT= 1 ).

Following the method of Nauenberg 1 and others 4' 5 
we have to look for a renormalization transforma­
tion K —>- K' such that

n = 0
which in our case leads to

1 3 ~ , 1 ~ 1

P'2(K) =e-9W P(K ') . (3)

(11) 

ln(2 + e -3Ä(n)) .

In this way a partial summation over the even lat­
tice points n = 2, 4 ,. .. is performed and the system 
is reduced to the N/2 odd lattice points with an ef­
fective coupling constant K'. From exprs. (2) and 
(3) we get the relations

■3Jt + 2 e - « (4)

With help of solution (10) one gets
~ / 1 + t 2"\(i)n+1 

/(K) = - K  + ln3 + l n nn=0\ 1 -  Q
(12)

K' = b U~2 + e - «

The product over n can be transcribed into the 
closed form 1/(1 — £) and the final result is

ln(e2K + 2 e 'K) .f(K) (13)
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This expression can also be obtained using the con­
ventional transfer matrix method

f(K) = lim -J- In Trace (PN) = ln /Max (14)N-+OC N
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where /jiax = + 2 e~K is the largest eigenvalue 
of P.

So far the linear T — e electron-phonon chain is 
the only nontrivial cooperative Jahn-Teller system,
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which is solved exactly by a renormalization group 
approach. Up to now the more complicated system 
consisting of E — e and T — t molecules cannot be 
solved in an analytic form by this method. There 
numerical techniques are required.
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